Abstract. We show that a maximal curve over
Introduction
Let C be a (projective, non-singular, geometrically irreducible, algebraic) curve defined over the finite field F ℓ of order ℓ. Let C(F ℓ ) denote the set of F ℓ -rational points of C. In the study of curves over finite fields, a fundamental problem is on the size of C(F ℓ ). The very basic result here is the Hasse-Weil bound (see [16, Thm. 5.2.3] , [12, Thm. 9 .18]) which asserts that |#C(
where g is the genus of C. The curve C is called maximal over F ℓ if the number of elements of C(F ℓ ) satisfies #C(F ℓ ) = ℓ + 1 + 2g √ ℓ .
We only consider maximal curves of positive genus and hence ℓ will always be a square, says ℓ = q 2 . Not all the curves over F q 2 can be maximal. As a matter of fact, a necessary condition is a result pointed out by Ihara (see, [16, Prop. 5.3.3] ), namely that the genus g of a maximal curve over F q 2 do satisfy the inequality g ≤ q(q − 1)/2 .
Up to F q 2 -isomorphism, there is just one maximal curve over F q 2 of genus g = q(q − 1)/2, the so-called Hermitian curve over F q 2 (see [15] ) which can be defined by the affine equation
or birationally equivalently, it is given by v q+1 = u q + u (see [16, Example 6.4.3] ).
By a result due to Serre (see, for example, [13, Prop. 2.3] ), any curve which is F q 2 -covered by a maximal curve over F q 2 is also maximal over F q 2 . Thus we obtain several explicit examples of maximal curves by taking advantage of the fact that the automorphism group of the Hermitian curve is very huge; see, for example, [7] , [1] , [10] . We stress that not every maximal curve can be obtained in this way [11] ; see also [6] , [2] .
In several instances, for example in applications to Coding Theory, Finite Geometry, or Cryptography it is desirable to work out with explicit plane models of maximal curves over F q 2 . Let n, m ≥ 2 be integers and let C(n, m) be the F q 2 -nonsingular model of the plane affine curve y n = x m + x .
The goal of this paper is to study the characterization of the maximality over F q 2 of curves of type C(n, m). This curve is a particular case of a curve C defined by y n = f (x) with f (x) being a separable polynomial of degree m such that gcd(n, m) = 1. Here we show that if C is maximal over F q 2 , then n divides q + 1 if and only if f (x) has a root in F q 2 ; in this case all the roots belong to F q 2 , see Theorem 3.2. Indeed, we generalize the main result in [9] . Remark 1.1. Note that C(q + 1, q) is the Hermitian curve over F q 2 .
In order to study the maximaity of the curve C(n, m), we mainly use the Serre property via coverings of curves, a property of non-gaps at maximal cuves (Lemma 2.1) as well as certain property of a Cartier operator on maximal curves (Lemma 2.2). Our starting point is the existence of a natural covering of curves
where F(s) is the Fermat curve defined by v s = u s + 1 of degree s := n(m − 1). This provides us with our first sufficient condition (Proposition 4.10), namely
in order that C(n, m) be maximal over F q 2 (by means of the already mentioned Serre property).
Let q = p a . In the case m = p b , we show that the curve C(n, p b ) is maximal over F q 2 if and only if n divides q + 1, says q + 1 = tn, and b divides a, says a = cb, such that c is odd provided that t is so; see Theorem 4.7.
Let gcd(q, m) = 1. Let gcd(n, m) = 1 and q be such that gcd(q, s) = 1. We consider two possibilities: In several cases we have that (A) and (B) occur. For example, the Picard curve C(3, 4), the hyperelliptic curve C(2, 2g + 1) provide positive evidence for (A) and (B), respectively 
Two properties of maximal curves
Let C be a maximal curve over F q 2 of genus g. In this secion we first recall a property of non-gaps at F q 2 -rational points of C (Lemma 2.1) which is a consequence of the particular fashion of the enumerator of the Zeta function of C over F q 2 , namely L(t) = (t + q) 2g [12, Thm. 10.1]; then we also recall a property of the Cartier operators on C (Lemma 2.2). For P ∈ C(F q 2 ) and Q ∈ C an arbitrary point of C, the following equivalence of divisors hold true [3, Cor.
where Φ : C → C is the Frobenious morphism relative to F q 2 . Thus an interesting and quite useful consequence is the following result on non-gaps ([1, Proof of Thm. 3.1], [19, Lemma 3] ).
Lemma 2.1. Let C be a maximal curve over F q 2 and P, Q ∈ C(F q 2 ). Let t ≥ 0 be an integer such that tP ∼ tQ. Then d = gcd(t, q + 1) is also a non-gap at P (or at Q).
Now let Ω 1 be the sheaf of regular 1-forms on the curve C. There exists a canonical 1/p-linear operator C : Ω 1 → Ω 1 , the so-called Cartier operator on C, such that (i) C is 1/p−linear; i.e., C is additive and C(f
1 is logarithmic if and only if ω is closed and C(ω) = ω.
The following result is crucial for us (see [8, Thm. 3.3] ):
Lemma 2.2. Let C be a maximal curve over F q 2 , q = p a with p ≥ 2 a prime and a ∈ N.
, where C is the Cartier operator on C.
Remark 2.3. Moreover, one can easily show that
Further information on maximal curves can be seen in [3] and [12, Ch. 10].
3. The curve y n = f (x)
Let q be a power of a prime p ≥ 2 and n, m ≥ 2 be integers. The most popular curve of type y n = f (x) is the the so-called Fermat type F(n, m) which by definition is the non-singular model over F q 2 of the plane curve of Fermat type
If n = m we just write F(n) = F(n, n). The problem regarding the number of rational points of F(n, m) over finite fields was investigated by several authors; see e.g. [8, Thm. 4.4] , [19] and the references therein. Concerning maximal curves of Fermat type, the basic result is the following.
Proposition 3.1. Let gcd(q, nm) = 1. The curve F(n, m) is F q 2 -maximal if and only if both n and m divides q + 1. In this case, F(n, m) is F q 2 -covered by the Hermitian curve.
The following result subsumes a partial generalization of Proposition 3.1, it generalizes Thms. 1.2 and 4.3 of [9] and is very much related to the results in [4] .
Theorem 3.2. Let q be a prime power, n ≥ 2 an integer, and f (x) be a separable polynomial in F q 2 [x] of degree m ≥ 2 with gcd(n, m) = 1 and gcd(q, n) = 1. Let C be the non-singular model over F q 2 of the plane curve defined by y n = f (x). Suppose that C is maximal over F q 2 . Then f (x) has a root in F q 2 if and only if n divides q + 1. In this case, all the roots of f (x) belong to F q 2 .
Proof. We first show that n divides q + 1 provided that f (x) has a root α ∈ F q 2 . Let r a > 1 be a prime power with r a | n. Then the non-singular model C 1 over F q 2 of the curve defined by y r a = f (x) is also maximal over F q 2 whose genus is g 1 = (r a − 1)(m − 1)/2. Let Q, P ∈ C 1 (F q 2 ) be the points over x = α and over x = ∞, respectively. Then r a P ∼ r a Q and thus d = gcd(r a , q + 1) is a non-gap at P by Lemma 2.1. Since g 1 > 0, we have that d is a power of r with 1 < d ≤ r a . Now the Weierstrass semigroup at P is generated by r a and m so that there exist β, γ ≥ 0 integers such that d = βr a + γm. Then, as gcd(n, m) = 1, d = r a and thus q ≡ −1 (mod n). Conversely, suppose that f (α) = 0 for any α ∈ F q 2 . Thus by the maximality of C over F q 2 , and by counting rational points via the morphism y : C → P 1 we find that
where 2g = (n − 1)(m − 1) and e is a certain integer. We know that q 2 ≡ 1 (mod n) by [17, Thm. 5] . We claim that q ≡ −1 (mod n). Otherwise, by applying module n in ( * ) we would have m ≡ 0 (mod n) which is not possivel by hypothesis. Next we show the last part of the proposition. Let R ∈ C such that nR ∼ nQ where Q is as above. Therefore and thus for any divisor n of q 2 − 1, the curve y n = x(x + 1) q−1 is maximal F q 2 as well; cf. [7, Example 6.3] . Thus the hypothesis of f (x) being separable in Theorem 3.2 cannot be relaxed.
The case
Let q be a power of a prime p ≥ 2 and n, m ≥ 2 be integers. In this section we study the non-singular model C(n, m) over F q 2 of the plane curve
First we notice that in some cases the curve C(n, m) is F q 2 -isomorphic to the Fermat type curve F(n, m − 1) which was already been considered in the previous section.
Proposition 4.1. Let q, n, m be as above with gcd(q, s) = 1, where s := n(m−1). Suppose that n divides m. Then the curve C = C(n, m) is maximal over F q 2 if and only if q ≡ −1 (mod s). In this case, the curve C is F q 2 -covered by the Hermitian curve
Proof. We notice that C is F q 2 -isomorphic to the Fermat curve type F(n, m − 1) by means of the automorphism (u, v) → (x, y) := (1/u, v/u t ), where m = tn. Thus the proof follows from Proposition 3.1 and the fact that gcd(n, m − 1) = 1.
We observe now that C(3, 4) is a so-called Picard curve type over F q 2 and it has been already investigated by several authors; For example Kazemifard and Tafazolian [14] (see also the references therein) among other things proved the following. Proposition 4.2. Let q be a power of a prime different from 3. Then the curve C(3, 4) is maximal over F q 2 if and only if q ≡ −1 (mod 9). In this case, C(3, 4) is F q 2 -covered by the Hermitian curve.
In particular, we notice that the Picard curves F(3, 4) and C(3, 4) (both of genus 3) are not F q 2 -isomorphic for infinitely many value of q. We also have the following result [18, Thm. 1]. Proposition 4.3. Let q be a prime power and g ≥ 1 an integer with gcd(q, 2g) = 1. Then the hyperelliptic curve C(2, 2g + 1) is maximal over F q 2 if and only if q ≡ −1, 2g + 1 (mod 4g). In both cases, the curve is F q 2 -covered by the Hermitian curve.
In the particular case of the curve C(n, m), Theorem 3.2 becomes. Proposition 4.4. Let n, m ≥ 2 be integers with gcd(n, m) = 1, set s := n(m − 1), and suppose that gcd(q, s) = 1. If the curve C(n, m) is maximal over F q 2 , then n divides q + 1.
Proof. We apply Theorem 3.2 and hence we only need to show the second assertion. Fix a root α ∈ F q 2 of x m−1 = −1. Then the set {αx : x m−1 = −1} is the set of the m − 1 distinct roots of the equation y m−1 = 1 and we are done.
Remark 4.5. Given n, m ≥ 2 integers, the solution for the congruences q ≡ −1 (mod n) and q 2 ≡ 1 (mod m − 1) is of type q ≡ −1 + ni (mod s) with s = n(m − 1) and i ∈ {0, . . . , m − 2} such that ni(ni − 2) ≡ 0 (mod m − 1).
To deal with the case m a power of the characteristic of the base field, the following result due to Wolfmann [20] is required. Proposition 4.6. Let C be the non-singular model over F q 2 of the curve defined by
where q = p cb , α ∈ F * q 2 and n is a positive divisor of q + 1. Define t and r by tn = q + 1 and rn = q 2 − 1. Then the curve C is maximal over F q 2 if and only if α r = (−1) t .
We apply this result to deal with the maximality over F q 2 , q = p a , of the curve C(n, m) with m = p b being p > 2. Suppose that such a curve is maximal over F q 2 . We claim that n|(q + 1) and b|a. In fact, Proposition 4.4 implies the first assertion and that b|(2a) as
. Let 2a = hb and so we have to show that h is even. Now Theorem 3.2 implies that each root α of x p b + x belongs to F q 2 ; hence for α = 0 we obtain
h and hence h is even as p > 2. Therefore we have shown the first part of the following.
Theorem 4.7. Let q = p a be a power of a prime p > 2. Let C := C(n, p b ) be the curve over F q 2 defined by the equation y n = x p b + x with gcd(p, n) = 1. Then C is maximal over F q 2 if and only if n divides q + 1, says q + 1 = tn, and b divides a, says a = cb, such that c is odd provided that t is so. In this case, the curve is F q 2 -covered by the Hermitian curve
Proof. Let us show first that t is odd implies that c is so. By performing the substitution x → −α −1 x in the equation that defines C, being α a non-zero root of x p b + x = 0, we can assume that the curve C can also be defined by the equation αy n = x p b − x. Now since C is maximal over F q 2 , Proposition 4.6 implies
tc and hence, as p > 2, c is odd if t is so. Conversely, we have two cases; let q + 1 = tn with t odd so that c is odd. Let us define the polynomial
We have that Q(u) p b + Q(u) = u q + u and hence C is covered by the Hermitian curve via (u, v) → (x, y) = (Q(u), v t ). Now let t be even. Let α be as above and β such that β n = ON THE CURVE Y n = X m + X OVER FINITE FIELDS 7 α −1 ; thus β ∈ F q 2 . Then via (x, y) → (x, βy) the curve C is also described by y n = x p b − x Finally we cover C from the Hermitian curve via (u, v) → (x, y) = (u p a−b + · · · + u, γv t ), where γ n is a non-zero root of x q + x = 0.
The following result is related with the type of curves considered in [5] .
Proof. The Weierstrass semigroup at the unique F q 2 -rational point P over x = ∞ is generated by q + 1 and m. Suppose that C is a maximal curve over F q 2 ; then q is a non-gap at P by [3, Prop. 1.5(iv)] and thus m = p b with 1 ≤ b ≤ a. Let C = C(q + 1, p b ). If C is maximal over F q 2 , then by Lemma 6 and the proof of Theorem 7 in [5] there exists a separable additive polynomial
It turns out that Q(x) is of type Q(x) = x p a−b − x p a−2b + . . . ( * 1 ) and hence there is an odd integer c such that a = cb ( * 2 ). Conversely, if ( * 2 ) holds true then the polynomial Q(x) in ( * 1 ) satisfies ( * ); thus the morphism (u, v) → (x, y) = (Q(u), v) is a F q 2 -covering from the Hermitian curve u q+1 = v q + v to the curve C, and we are done.
Theorem 4.9. Let q = p a be a power of a prime p > 3. Let m ≥ 2 be an integer such that gcd( Proof. Let C be maximal over F q 2 . Let P be the unique point over x = ∞. Then the Weierstrass semigruop H(P ) at P is generated by (q + 1)/2 and m, where m ≤ q since the genus of C is at most q(q − 1)/2. As q belongs to H(P ) [3, Prop. 1.5(iv)] we can find a pair of non-negative integers α, β such that αm + β , we get
Wee consider two cases: if p does not divide 4α + 1, then
Note that as m > 3, the regular 1-forms ω 1,(m−2)α−1 , ω 2,(m−3)α−1 and ω 0,2α belong to B and so are well defined. Otherwise, if p divides 4α + 1, then p does not divide 6α + 1 and so we get
Observe that here we need m > 5, since then we have ω 1,3α ∈ B. Now clearly if p divides 4α + 1, then m > 4 and if m = 5 we can show that p = 3.
Therefore we conclude that the curve C((q + 1)/2, m) for m > 3 is not maximal, because C a = 0 (cf. Lemma 2.2).
The following result was already stated in the introduction.
Proposition 4.10. Let n, m ≥ 2 be integers, s = n(m − 1), and q a power of a prime. Then C(n, m) is maximal over F q 2 provided that q ≡ −1 (mod s).
Remark 4.11. Let q be a prime power and t a divisor of q+1. Then the curve C( q+1 t , t+1) is maximal over F q 2 by Proposition 4.10. In particular, C(q + 1, 2) is maximal over F q 2 and gcd(q + 1, 2) = 2 if q is odd. Thus the condition gcd(q + 1, m) = 1 in Theorem 4.8 cannot be avoided.
Next we point out another sufficient condition in order that C(n, m) be maximal over F q 2 .
Proposition 4.12. Let n, m ≥ 2 be integers with m ≡ −1 (mod n), s = n(m − 1) and q a power of a prime. Then the curve C(n, m) is maximal over F q 2 provided that q ≡ m (mod s).
Proof. From the congruences, we deduce that q ≡ −1 (mod n). We shall show that C(n, m) is F q 2 -covered by the Hermitian curve; let us recall that this curve can also be described over F q 2 by the equation v q+1 = u q + u (see [16, Example VI.4.3] ). Write q + 1 = an and q = bn(m − 1) + m. Then the image of the morphism (u, v) → (x, y) := (u bn+1 , u b v a ) defines C(n, m), and we are done.
For m ≥ 2 an integer let q be a power of an odd prime such that
This can be occur, for example when m − 1 = ℓ t or m − 1 = 2ℓ t with ℓ > 2 being a prime and t ≥ 1 an integer. Proposition 4.13. Let n, m ≥ 2 be integers such that n is odd and such that ( * ) holds true. In addition, assume gcd(n, m) = 1, gcd(n, m − 1) = 1, and that m ≡ −1 (mod n). Set s := n(m − 1). Let q be a prime power with gcd(q, s) = 1. Then the curve C = C(n, m) is maximal over F q 2 if and only if q ≡ −1, m (mod s).
Proof. By Propositions 4.10 and 4.12, C is maximal over F q 2 provided that q ≡ −1, m (mod s). Conversely, let C be maximal over F q 2 . From Proposition 4.4 and ( * ) we have two cases:
. Here we conclude that s = n(m − 1) divides q + 1 because n is a divisor of q + 1 and gcd(n, m − 1) = 1.
2. q ≡ 1 (mod m − 1). In this case we have q = (m − 1)t + 1 for some integer t ≥ 1. Set t = hn + r for some integers h ≥ 0 and 0 ≤ r ≤ n − 1. Thus we have q = (m − 1)(hn + r) + 1 = n(m − 1)h + r(m + 1) − 2r + 1. This implies that n divides 2r − 2. Therefore, as n is odd, we obtain r = 1 so that q ≡ m (mod s). This completes the proof.
Remark 4.14. The restrictions gcd(n, m) = 1, gcd(n, m − 1) = 1, and m ≡ −1 (mod n) in Proposition 4.13 cannot be relaxed as one can see by considering the curves C(n, n) and C(3, 4) in Proposition 4.1 and Proposition 4.2, respectively.
Next we generalize the Picard curve type C(3, 4) (Proposition 4.2) over F p 2 by considering the curve C = C(3, m) defined by the equation
The following set contains a basis for regular 1-forms of C {ω i,j := x i y j dx/y 2 with (2g
where g is the genus of C. Proof. If (1), (2) or (3) hold true, then C is maximal over F p 2 by Propositions 4.10 and 4.12. Let C be maximal over F p 2 . Here we have g = m − 2 (resp. m − 1) if m ≡ 0 (mod 3) (resp. m ≡ 0 (mod 3)).
(1) If m ≡ 0 (mod 3), the result follows from Proposition 4.1.
(2) Let m ≡ 1 (mod 3), then we set p = 3gh + 3r + 2 since 3 divides p + 1. By the above conditions, we have 0 ≤ r ≤ g − 1. If r = g − 1, then we get 3r + 2 = 3g − 1 and we conclude that the curve C (3, m) is covered by the Hermitian curve and so is F p 2 -maximal. We show that for any other cases this curve can not be maximal. In fact, we show that for any r such that 0 ≤ r ≤ g − 2 there exist a regular 1-form ω which C(ω) = 0.
Set g = m−1 = 3t. In the following we show that for any r such that 0 ≤ r ≤ g−2 = 3t−2 we can find an integer b such that gh + r + i + ℓg = bp − 1 or equivalently, For r = t > 1: in this case we have p = 3gh + 3t + 2 and so m − 1 = g = 3t does not divide p 2 − 1 = (3gh + 3t + 3)(3gh + 3t + 1). Thus the curve is not maximal over F p 2 .
In the case t = 1 the curve is the Picard curve and we know the result.
For t < r < 2.5t: it is sufficient to find a suitable 1 < b and set ℓ = (3b − 1)h + b. Indeed from Equation (4.1) we get
which means that (3b − 1)r = i + 3bt − (2b − 1). As 0 ≤ i ≤ 2t − 1, 3b 3b − 1 t < r < 3b + 2 3b − 1 t or equivalently we get
For 2.4t < r < 3t − 2: it is sufficient to find a suitable 2 ≤ b and set ℓ = (3b − 1)h + 3b − 2. Indeed from Equation (4.1) we get
which means that (3b − 1)r = i + 9bt − 6t − (2b − 1). As 0 ≤ i ≤ 2t − 1,
or equivalently we get
(3) Similarly we can prove the result for the case m ≡ 2 (mod 3). In this case, if r = g − 1 (resp. r = (g − 1)/3), then we get 3r + 2 = 3g − 1 (resp. 3r + 2 = g + 1 = m) and we conclude that the curve C(3, m) is covered by the Hermitian curve and so it is maximal.
We show that for any other cases this curve can not be maximal. In fact, we show that for any r such that 0 ≤ r ≤ g − 2 there exist a regular 1-form ω which C(ω) = 0. To respect the proof of the above case: if we set g = 3t + 1, then the case r = t is equivalent to r = (g − 1)/3. Other cases are similar. Example 4.17. Let q be a power of a prime bigger than 3. Then the curve C := C(3, 7) is maximal over F q 2 if and only if q ≡ −1 (mod 18). Here we have s = 3 × 6 = 18. Thus according to Proposition 4.10, C is maximal over F q 2 if q ≡ −1 (mod 18). Conversely, if C is maximal over F q 2 , then 3 divides q + 1. Thus we conclude that 3 divides p + 1 and a is odd, where q = p a . Thus the following cases p ≡ 5, 11, 17 (mod 18) might occur. If p ≡ 17 (mod 18), then we get q ≡ 17 (mod 18) since a is odd. In the cases p ≡ 5, 11 (mod 18), we obtain that p 3 ≡ −1 (mod 18) and so C is maximal over F p 6 . Now if 3 divides a, then q ≡ −1 (mod 18) and the result follows. Otherwise, if 3 does not divide a, as C is maximal over F q 2 and F p 6 , we conclude that the curve C is maximal also over F p 2 (see the proof of Theorem 18 in [14] ). But this is impossible by Theorem 4.15.
Theorem 4.18. Let q = p a be a power of a prime p. Let n ≥ 4 be an integer. Then the curve C(n, 3) given by the equation y n = x 3 + x is maximal over F q 2 if and only if either n = 4 and q ≡ −1, 3 (mod 8), or n > 4 and q ≡ −1 (mod 2n). In any case, the curve C(n, 3) is F q 2 -covered by the Hermitian curve.
Proof. First we consider the case n = 4 and m = 3. Here s = 4 × 2 = 8 and the result follows from Propositions 4.10, 4.12, and Remark 4.5. Let n > 4 and thus s = n × 2. If q ≡ −1 (mod 2n), the curve C(n, 3) is maximal over F q 2 by Proposition 4.10. Conversely, suppose that C(n, 3) is maximal over F q 2 . Then by Proposition 4.4, n is a divisor of q + 1. We want to show that 2n divides q + 1. The only situation to be investigated is the following:
r t 1 with t 1 an odd integer and n = 2 r t 2 with t 2 a divisor of t 1 . But this case does not occur. In fact, below we show that the curve C(2 r , 3) is not maximal over F q 2 . Two cases arise:
1. a is even. Here we have q+1 = 2t 1 where t 1 is odd. If the hyperelliptic curve y 2 = x 3 +x of genus g = 1 is maximal over F q 2 , then from Proposition 4.3 we conclude that 4 divides q + 1 which is a contradiction.
2. a is odd. In this case, if q + 1 = 2 r t 1 with t 1 odd, then we also have p + 1 = 2 r t with t odd. Here we can assume r ≥ 3. Next as the genus of C is g = 2 r − 1 we fix the following basis for regular 1-forms
Now as for any j we can write j − (2 r − 1) = −(j + 1)p + [(j + 1)t − 1]2 r , we get
Now if we set j = 2 r−1 and ℓ 1 = (2 r−1 t − t − 1)/2 we obtain C(ω 0,2 r−1 ) = b ℓ 1 ω 0,2 r−1 −2 = 0 .
And if we set j = 2 r−1 − 2 and ℓ 2 = (2 r−1 t + t − 1)/2 we obtain C(ω 0,2 r−1 −2 ) = b ℓ 2 ω 0,2 r−1 = 0 .
From Lemma 2.2 this is a contradiction because C a (ω 0,2 r−1 ) is not zero. Thus we conclude that the curve C(2 r , 3) is not maximal.
We end up this paper by characterizing maximal curves of type C(4, 7).
Example 4.19. Let q be a power of a prime bigger than 3. The curve C(4, 7) given by the equation y 4 = x 7 + x is maximal over F q 2 if and only if q ≡ −1, 7 (mod 24). In particular, this curve is covered by the Hermitian curve.
We have that C(4, 7) is maximal over F q 2 provided that q ≡ −1, 7 by Propositions 4.10 and 4.13. Conversely, if the curve C(4, 7) is maximal over F q 2 , then Remark 4.5 implies q ≡ −1, 7, 11, 19 (mod 24). Let q = p a and assume that q ≡ 11, 19 (mod 24). From q ≡ −1 (mod 4) it follows that p ≡ 11, 19 (mod 24) and a is odd. In these cases, we show that C(ω 1 ) = ω 7 and C(ω 7 ) = ω 1 which means that C d = 0 for any d > 0. But we know that if the curve C(4, 7) is maximal over F q 2 , then C a = 0 where q = p a by Lemma 2.2. since for i = 3t + 2 we get p − 1 = 24t + 18 = 6(3t + 2) + 6t + 6.
